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1. (20 points) Consider the heat conduction equation

∂u

∂t
= k

∂2u

∂x2
on Ω = (0, L) (1)

for t > 0. k is the thermal conductivity (> 0) and constant. The corresponding boundary

conditions are

∂u

∂x
(0, t) = 0 and

∂u

∂x
(L, t) = 0 (2)

and the initial condition is

u(x, 0) = α + β cos
πx

L
. (3)

By assuming that the solutions to (1) are of the form X(x)T (t),

(a) derive the ordinary differential equations that govern X(x) and T (t).

(b) determine (formally) the expression for the separation constant (identified as λ).

(c) obtain the eigenvalues λn and the corresponding eigenfunctions.

(d) obtain the solution for u(x, t) satisfying the given boundary and initial conditions.

(e) determine the steady-state solution from the time-dependent solution obtained in

the above.

2. (20 points) Suppose that f(x) = x2 on the interval 0 ≤ x ≤ L.

(a) Sketch the function on the interval −2L ≤ x ≤ 2L as an odd periodic function and

as an even periodic function with period 2L.

(b) Consider the odd extension of f(x) and obtain it’s Fourier series.

(c) What value does the Fourier series converge to at x = L? Explain.

3. (20 points) Given the differential equation

x2y′′ − 2xy′ + 2y = x, (4)

(a) obtain the solution (complementary function of the ode) to the related homogeneous

differential equation.

(b) use the solution obtained in part (a) to obtain the complete solution to (4). Start

with the assumption that the particular solution is of the form yp(x) = u1(x)y1(x)+

u2(x)y2(x) where y1(x) and y2(x) are the two linearly independent solutions from

part (a) and derive the expressions for ui(x), i = 1, 2.
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4. (20 points) (a) The general second-order partial differential equation in two indepen-

dent variables (x, y) given by

Auxx + 2Buxy + Cuyy +Dux + Euy + Fu+G = 0 (5)

is said to be hyperbolic, parabolic or elliptic in a domain Ω according as ∆ > 0,

∆ = 0 or ∆ < 0 everywhere in Ω. Here, ∆ = B2 − 4AC and the coefficients

A,B,C,D,E, F and G are functions of (x, y).

Given the above definitions, determine the regions in the x − y plane where the

following partial differential equations are hyperbolic, parabolic or elliptic: yuxx +

uyy = 0 and (x+ 1)uxx + 2xuxy + uyy + 5x+ 8y = 0.

(b) Consider the following two sets: {cos 2x, sin 2x, cos2 x} on (−∞,∞) and {x2−1, x+

1, x3 + 3x2 + 5} on (−∞,∞). Determine whether each set constitutes a linearly

dependent set or an independent set of functions. For a linearly dependent set,

determine the relation that the functions satisfy.

5. (20 points) The Chebyshev’s differential equation is given by

(1− x2)y′′ − xy′ +m2y = 0. (6)

with m being a positive integer.

(a) Identify the singular points of this equation.

(b) Is x = 0 an ordinary or a singular point? Explain.

(c) Now, suppose |x| < 1. Obtain a power-series solution of the differential equation

about x = 0. Write down the recurrence relation for the power series coefficients

and the first three terms of each of the two linearly independent solutions.

(d) Specialize the solution with even powers of x to the case m = 4.


