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Name: _____________________________________________________________________ 

 

Question: 1 2 3 4 5 Total 

Points: 20 20 20 20 20 100 

Score:       

 

Instructions: 

• Show all your work, no points are given if you solely provide the final solution.  

• Please return the sheets along with your answer sheets. 
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Problem 1 – Ordinary Differential Equation (20Points) 
 

The differential equation governing the shape of a cable hanging under its own weight is given by 
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𝑑𝑥2
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Here, 𝜌 is the weight density (per unit length) of the cable and 𝑇 is the horizontal component of the 

tension in the cable. 

(a) State the order of the differential equation and whether it is linear or nonlinear. 

(b) Set 𝑦′(𝑥) = 𝑧(𝑥) and solve for 𝑧(𝑥). 

(c) Next, solve for 𝑦(𝑥) using the boundary conditions 𝑦(0) = 𝛼 and 𝑦′(0) = 0. 
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Problem 2 – Ordinary Differential Equations 2 (20Points) 
 

(a) The equation  

𝑑2𝑢𝑟

𝑑𝑟2
+
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𝑟2
𝑢𝑟 = 0 

governs the displacement in a thick-walled cylinder subjected to uniform internal and external pressure 

or displacement loading.  Let 𝑎 and 𝑏 be the inner and outer radii respectively of the cylinder. Assuming 

that 𝑢𝑟(𝑎) = 𝛼 and 𝑢𝑟(𝑏) = 𝛽, obtain a solution for 𝑢(𝑟). 

(b)  

Consider the second-order initial value problem 

𝑎2(𝑥)
𝑑2𝑢

𝑑𝑥2
+ 𝑎1(𝑥)

𝑑𝑢

𝑑𝑥
+ 𝑎0(𝑥)𝑢 = 𝑔(𝑥) 

subject to 
𝑢(𝑥0) = 𝑢0    and    𝑢′(𝑥0) = 𝑢1 

Recall that the existence and uniqueness theorem for this IVP states the following: Let 𝑎𝑖(𝑥),  
𝑖 = 0, 1, 2 and 𝑔(𝑥) be continuous on an interval 𝐼 containing the point 𝑥0 and suppose that  
𝑎2(𝑥) ≠ 0 on the interval 𝐼. Then a unique solution 𝑢(𝑥) exists on this interval. 

 

Now, consider the differential equation  

(𝑥2 − 𝑝2)
𝑑2𝑢

𝑑𝑥2
 −  8𝑥

𝑑𝑢

𝑑𝑥
 + 5𝑢 = 6𝑠𝑖𝑛 (𝜋𝑥) 

subject to 

u(0) =  3     and     𝑢′(0) = 4. 

Determine the interval(s) in which a unique solution to the ODE exists. Assume that 𝑝 is real.  

Hint: You will need to consider 𝑝 ≠ 0 and 𝑝 = 0 separately. 
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Problem 3 – Variation of Parameters (20 Points) 
 

Consider the following ODE 

𝑦′′′ + 4𝑦′ = 1 

with 𝑦(0) = 3,  𝑦′(0) = −2 and 𝑦′′(0) = −1 

(a) Find three different homogenous solutions to this problem that are linear independent. 

Combine the obtained solutions to a general solution of the homogenous problem 

(b) Proof that the obtained homogenous solutions are linear independent using the Wronskian.  

(c) Determine a particular solution by variation of parameters 
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Problem 4 – Mixed Boundary conditions (20Points) 
Consider the following domain: 

 

where there are different boundary conditions at 𝑥 = 0, 𝑥 = 𝑎, 𝑦 = 0, and 𝑦 = 𝑏. 

  

(a) Derive the separated coupled ordinary differential equations for 𝑢(𝑥, 𝑦) using the principle of 

separation of variables 𝑢(𝑥, 𝑦) = 𝑋(𝑥)Y(𝑦) for the domain 0 ≤ 𝑥 ≤ 𝑎 and  0 ≤ 𝑦 ≤ 𝑏. Please 

use 𝜆 as a separation constant. 

(b) Apply the homogenous boundary conditions for 𝑋(𝑥) and Y(𝑦) and estimate the solutions to 

the corresponding eigenvalue problem and derive 𝑢(𝑥, 𝑦). 

(c) Provide expressions that allow determining all constants of your solution in presence of any 

general boundary condition g(x)  

(d) Solve the problem with the boundary condition 𝑔(𝑥) = sin (
𝜋𝑥

𝑎
[

1

2
+ 17])  

in the interval 0 ≤ 𝑥 ≤ 𝑎. 
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Problem 5 – Power Series Solutions  (20Points) 

 

Consider the differential equation 

𝑦′′ + 4𝑦 = 0 

 

(a) Solve the differential Equation above (do not apply the power series solution). 

(b) Determine whether the differential equation has singular points. Explain. 

(c) Determine whether x = 0 is an ordinary point of the differential equation. Explain.  

(d) Solve the differential Equation above using the power series solution. Find a recurrence formula 

for the power series solution around x = 0 for the differential equation.  

(e) Compute 𝑎2, 𝑎3, 𝑎4, 𝑎𝑛𝑑 𝑎5 and provide the general solution  of the problem in form of a series 

formula using the results in (d) for values of x near x = 0.  

 


